I. INTRODUCTION
Human social interactions often lead to complex dynamics. Repeated social interactions produce spontaneous variations which are manifested as inequalities at various levels. The availability of huge amount of empirical data for a plethora of measures of human social interactions has made it possible to uncover the patterns, analyze them and look for the reasons behind various socio-economic inequalities. Besides using tools of statistical physics, researchers are also bringing in knowledge and techniques from various other disciplines [1] , e.g., statistics, applied mathematics, information theory and computer science to better the understanding of the precise nature (spatio-temporal) and origin of socio-economic inequalities prevalent in our society.
Socio-economic inequality [2] [3] [4] [5] [6] basically concerns the existence of unequal 'wealth' and 'fortunes' accumulated due to complex dynamics within the society. It usually contains structured and recurrent patterns of unequal distributions of goods, wealth, opportunities, and even rewards and punishments, and classically measured in terms of inequality of conditions, and inequality of opportunities. Inequality of conditions refers to the unequal distribution of income, wealth, assets and material goods. Inequality of opportunities refers to the unequal distribution of 'life chances'. This is reflected in measures like level of education, health status, treatment by the criminal justice system etc. Socioeconomic inequalities are responsible for conflict, war, crisis, oppression, criminal activities, political instability and unrest, and that indirectly affects economic growth [7] of a region. Traditionally, economic inequalities have been extensively studied in the context of income and wealth [8] [9] [10] , although it is also measured for many quantities like energy consumption [11] . The studies of inequality in society [12] [13] [14] [15] has always been very important, and is also a topic of current focus and immediate global interest, bringing together researchers across various disciplines -economics, sociology, mathematics, statistics, demography, geography, graph theory, computer science, and even theoretical physics.
Socio-economic inequalities are quantified in numerous ways. The most detailed measures are of course given by probability distributions of various quantities. What is usually observed is that most quantities display broad distributions -most common are log-normals, power-laws or their combinations. For example, the distribution of income is usually an exponential followed by a power law [9, 16] . However, such distributions can widely differ in their forms and subtleties, and as such they are not quite convenient to handle. This lead to the introduction of various indices like the Gini [17] , Theil [18] , Pietra [19] and other socio-geometric indices [20, 21] , which try to characterize various geometric features of these distributions.
The degree of inequality is most commonly measured by the Gini index. One considers the Lorenz curve [22] , representing the cumulative proportion X of ordered (from poorest to richest) individuals (entries) in terms of the cumulative Y of their wealth. Y can of course represent income or wealth of individuals but it can as well represent citation of articles, votes in favor of candidates, population of cities etc. The Gini index (g), defined as the ratio of the area enclosed between the Lorenz curve and the equality line, to that below the equality line, is the most common measure to quantify socio-economic inequality, taking values 0 for absolute equality and 1 for absolute inequality from a given statistical distribution. If the area between (i) the Lorenz curve and the equality line is represented as A, and (ii) that below the Lorenz curve as B (See Fig. 1 ), the Gini index is g = A/(A + B) = 2A. Ghosh et al. [23] introduced the Kolkata index (symbolizing the extreme nature of social inequalities in Kolkata) or 'k-index', which is defined as the fraction k such that poorest (1 − k) fraction of people possess k fraction of income [24] [25] [26] . In fact, another recently proposed measure, the perpendicular width index I P W [20] can be shown to be equal to √ 2(2k − 1). [25] ; Inst=institutions, Jour=journals) expenditure (data from Ref. [28, 29] ; IN=India, BR=Brazil, IT=Italy), income (data from Ref. [24] ), voting data from proportional elections (data from Ref. [30] ; OPE), voting data from first-past-the-post elections (data in the Appendix; IN=India, WB=West Bengal, UP=Uttar Pradesh, MP=Madhya Pradesh, AP=Andhra Pradesh, UK=United Kingdom, CA=Canada, BD=Bangladesh, TZ=Tanzania), and city population (data from Ref. [31] ). Data details are given in the Appendix. The dotted straight line represents k = 0.5 + 0.365g.
II. EMPIRICAL FINDINGS ON
A large variety of socio-economic data suggest that there exists a simple relation between the two seemingly different inequality measures. We analyzed citations of papers published from academic institutions and journals (data from ISI Web of Science [27] and reported in Ref. [25] ), consumption expenditure data of India [32] , Brazil [33, 34] , Italy [35] , income data from USA [36] , voting data from open list proportional elections [30] of Italy, Netherlands and Sweden, first past the post election data for Indian Parliamentary elections and Legislative Assembly elections [37] , United Kingdom [38] , Canada [39], Bangladesh [40] , Tanzania [41] , and city population data from Ref. [31] . See Tables I-IX  in the Appendix for details. The relation is perfectly linear for smaller values while the curve becomes non-linear as g or k approaches unity, the limit of extreme inequality (Fig. 2) . The most intriguing part is that the data from a variety of sources hardly depart from this smooth curve. We explore a spectrum of data such as income, expenditure, journal citations and impact factors, votes, city population to arrive at this conclusion.
The k-index and g-index show a linear relationship
with γ = 0.365 ± 0.005.
III. APPROXIMATE ANALYTICAL ESTIMATES
In Fig. 1 , the thick red line is a typical Lorenz curve corresponding to a probability distribution function y = P (x). X denotes the cumulative share of x from lowest to highest y while Y denotes the cumulative share of y. The Lorenz curve cuts the anti-diagonal Y = 1 − X at point C (k, 1 − k) and thus the k-index is defined as the following (in terms of wealth posessed by individuals, say): k fraction of total wealth is possessed by 1 − k fraction of the top wealthiest people. The Gini index g is simply given by 2A. If A is the shaded area enclosed by the Lorenz curve (ACB) and the equality line ADB (Y = X), then Gini coefficient g is given by g = area of the shaded region area of the traingle ABE = 2A.
We discusss below three approximate ways to calculate A.
Case I: Lorenz curve as the broken straight lines AC & CB
From Fig. 1 , AB= √ 2 and CD=
. Thus the area of the triangle CAB is
It may be noted that the equality in the above relation corresponds to g = k for g = k = 1.
Case II: Lorenz curve as a straight line parallel to ADB at perpendicular distance DC
Here, area A 2 = AB.CD = √ 2.
In this approximation, the equality in the above relation corresponds to g = k for g = k = . Analysis of the observed data suggests that k − g line (Eq. 1; Fig. 2 ) touches k = g line at around 0.78.
Case III: Lorenz curve as an arc of a circle
Let us now imagine that the Lorenz curve is represented by the arc ACB of a circle (Fig. 3a) of radius r (=AE=BE). DE is perpendicular to AB such that ∠BED = θ. The total area of the sector BEAC is then θr 2 . The area of the from Eq. (7) for different values of θ.
triangle ABE is given by .r cos θ.2r sin θ = r 2 cos θ sin θ. Thus our required area ACDB is given by (difference between the sector and the triangle defined above)
If we write
Referring back to Case I, and incorporating the factor α, we get the approximate value A ′ as αA 1 . Hence g = 2αA 1 = α(2k − 1) (using Eq. 3). This gives
Thus the slope of the k − g line is γ = with θ is plotted in Fig. 3b . The observed approximate value of γ (From Fig. 2) is 0.363 which corresponds to θ = π/4 (see Fig. 3b ). This would imply that the Lorenz curve can be approximated as a quadrant arc of a circle with centre at E (see Fig. 3a ), subtending and angle 2θ = π/2 at E (compare Fig. 3a with Fig. 1 ). In that case, the g − k line will touch the k = g line at around 0.78 (from Eq. 8).
In 
. These values of g and k satisfy the above relationship (Eq. 1) very well.
IV. ESTIMATES OF g − k RELATION FROM KINETIC EXCHANGE MODELS
Let us now consider some market models developed by econophysicists, in particular the kinetic exchange models [9, 42] . In the CC model [42] there, an agent keeps a fraction λ (same for all) of their income or wealth before going for any (stochastic) exchange (trade or scattering) with another agent. Formally, the dynamics is defined by
where r is a random fraction in [0, 1], drawn in each time step (trade or exchange). m i (t) and m i (t+1) are the wealth of the ith agent at trading times t and (t + 1) respectively. The steady state distribution of wealth is Gamma like [42, 43] with the peak position shifting to higer income or wealth with increasing λ (Gibbs or exponential distribution for λ = 0 and δ-function for λ → 1). In fact, the distributions fit to [9, 43, 44] 
Eq. 9 is a standard Gamma distribution whose Gini index is given by
with n given by Eq. 10. g and k computed for wealth distributions of CC model [26] using numerical simulations are given in inset of Fig. 4a . For Gini index, we also plotted Eq. 11 and found to coincide with the results from numerical simulation. The g − k relationship is also found to be linear Fig. 4a , obeying k = In the CCM model [9, 42] , each agent i has a saving fraction λ drawn from a (quenched) distribution Π(λ) = (1 + δ)(1 − λ) δ . Following similar stochastic dynamics as in CC model,
one gets a steady state distribution of income or wealth with power law tails P (m) ∼ m −(2+δ) for large m [42] . g and k computed for such distributions [26] are given in inset of Fig. 4b for varying range of δ. The g − k relationship here is found to be nonlinear (see Fig. 4b ) but very much around a similar linear relationship.
V. DISCUSSIONS
As already emphasized, the Gini index g is the most popular among economists and sociologists. It gives an overall measure of the inequality in a society. As can be seen from Fig 1, it requires accurate data for the entire Lorenz curve to give a measure of the shaded area enclosed by it and the equality line. However, the data for the low income group as well as the high income group in the society are not always very easy to obtain. The Lorenz curve being determined by the cumulative distribution, estimates of both g and k indices are affected. Of course, the Kolkata index k being given by the intersection point of the Lorenz curve and the diagonal perpendicular to the equality line, where the data are usually expected to be rather accurate and massive, the k-index value should be less affected compared to the g-index which is rather directly affected by the lack of proper data. Indeed as shown in Sec. III, the g − k linear relationship is extremely robust and fits different forms of Lorenz curve and therefore, distributions of income, wealth, citations, etc. This robustness is also observed empirically (Fig. 2) . Hence the g − k relationship studied here would be extremely useful to translate from one inequality measure to the other; since 1 − k fraction of people possess precisely k fraction of the total wealth, translation of social inequality measures into k-index language can be of major significance. We are grateful to Parthasarathi Mitra for his help with Sec. III, and some useful comments. We also thank our referees for very useful suggestions (added in Sec. IV and Appendix A).
Appendix A: Appendix: Using 2k − 1 instead of k An alternative way of plotting the k index is to consider the quantity K = 2k − 1, which will be defined now in [0, 1] by definition. Fig 5 shows this plot with the strict inequality line 2k − 1 = K = g, which is never exceeded since g ≥ 2k − 1 (Eq. 3). The transformation to K makes the slope of the K vs g plot for smaller g values equal to 2γ ≈ 0.73. 
